Abstract: This paper deals with a rationality condition for groups. Let be a fixed positive integer. Suppose every element of the finite solvable group is conjugate to its th power . Let be a prime divisor of the order of the group. We conclude that the multiplicative order of modulo is small, or is small. 
Introduction
Given an integer , can we describe finite groups G such that for every ∈ G we have ∼ ? The = 2 case is a folklore tricky undergraduate exercise, the only solution being the trivial group.
Consider the following argument. Let be the smallest prime divisor of |G|, of course . Pick ∈ G of order . Then = for some ∈ G. If = ( ) is the multiplicative order of modulo then | − 1 so is prime to |G| ( being the smallest prime divisor of |G|). Therefore there exist integers such that 1 = + |G|. Now = = so ∈ C G ( ). On the other hand, = + |G| = ( ) ∈ C G ( ) means = = , so | − 1. This holds for the smallest prime divisor of the order of G (and settles the = 2 case). The motivation for this paper is the general form of this question: What can be said of the other prime divisors?
The following construction shows that large prime numbers may occur. Let G = : See also the discussion after the proof. The precise statement of Theorem 2.12 gives information about the exceptional primes. In particular, for = 3 4 it implies the following. (See Theorem 2.14 for the removal of the solvability assumption for = 3, for = 4 the Feit-Thompson theorem implies solvability.)
Theorem.

Let ≥ 3 be an integer. Let G be a solvable group such that for all ∈ G, we have ∼ . Let be a prime divisor
Theorem.
If G is a (solvable) group, where ∼ 3 for all ∈ G then G is a {2 5}-group. If instead ∼ 4 for all ∈ G then G is a {3 7}-group.
If every element is real (i.e. conjugate to its inverse) then the situation is much simpler, it is described in Theorem 2.13.
Let ≥ 3 be an integer. Let G be a solvable group such that for all ∈ G, we have
As it is usual for similar questions, there is an equivalent formulation concerning the character values of G, see Lemma 2.4 below.
Similar rationality questions were considered earlier. A group G is rational, if for every ∈ G and every ( ( )) = 1 we have ∼ . These groups have rational character table, hence their name. After early attempts, the breakthrough was achieved by Gow [2] , who determined the possible prime divisors of the order of solvable rational groups. Indeed, the proof of Theorem 2.13 follows closely his ideas where passing to a fixed point free action (see Lemma 2.7 below) is central to the proof of Theorem 2.12, as well. A variant of assumption (A ) appeared first in the work of Farina e Soares [1] who generalised rationality and considered groups whose character values were in small degree number fields. Some of the partial results appeared long ago in the Master's Thesis of the author, who acknowledges again the help of his supervisor Péter P. Pálfy.
All notations are standard, familiarity with the structure of Frobenius complements and basic representation theory are assumed. For a prime , F denotes the finite field of elements.
The relevance of assumption (A ) comes from the following standard consequence of Brauer's Permutation Lemma. The proof is omitted.
Lemma 2.4.
Let G be a finite group, an integer coprime to |G|. Put ξ = 2π /|G| . Let σ be the authomorphism of Q(ξ) defined by ξ σ = ξ . The following are equivalent:
• In G every element is conjugate to its -th power.
• Every character value ( ) ∈ Q(ξ), ∈ G, ∈ Irr(G), is σ -invariant.
• Every character ∈ Irr(G) is σ -invariant.
Similarly, the following are equivalent:
• Every -Brauer character ∈ IBr (G) is σ -invariant.
The following lemma is used in inductive arguments.
Lemma 2.5. Proof. Let C G ( ) denote the stabiliser of 0 = ∈ V . Pick K a maximal among these stabilisers. Put N = N G (K ), The following lemma is a variant of [1, (3.4 ) Lemma], a proof is included for completeness.
Lemma 2.8.
Let be distinct odd primes. Suppose G is a solvable -group that acts fixed point freely on the F -vector space V . Suppose that G has no factor group and that D ∈
Proof. The maximal normal 2-subgroup O 2 (G) is either cyclic or generalised quaternion, so its automorphism group is a 2-group, unless Consider now the former case
is Abelian of even order. It has a 2-group factor, contrary to the assumption. Let 0 = ∈ V and ∈ G be such that = λ . Then ( ) = 2 . It can be conjugated into the Sylow, so ∈ 2 − for some ∈ G as this subgroup contains every element of order 2 in D. (Here we used 2 
Lemma 2.9.
Let be a prime, H ⊆ F a set. Suppose G is a solvable -group that acts fixed point freely on the F -vector space V and has the H-eigenvalue property. Suppose also that D ∈
We claim that this is at least and it settles the lemma.
Comparing the exponents we need
The fraction is at most 1 if > 1 or > 3. Then the relation holds if ≥ . If = 3 and = 1 then = 1 so the relation is ≥ 2 conforming to our assumptions. Let ψ be an absolutely irreducible summand of the Brauer-character of the module V . As ψ is monomial and faithful, it is induced from a faithful linear character of a cyclic subgroup 
In other words, has
− elements that have λ as an eigenvalue, each with multiplicity . The Sylow subgroup is self-normalising, so it has = |G : | conjugates. That is the set V = { ∈ V \ {0} : there exists ∈ G such that = λ } has cardinality ( − 1) − (every vector is counted once, because the action is fixed point free). By the H-eigenvalue property, V must exhaust all the nonzero vectors of V , so
As is realised over F its Brauer character value ( ) is τ : ε → ε invariant, where ε is a complex primitive -th root of 1. In fact, by irreducibility, the absolutely irreducible summands form a single orbit under the action of τ. 
By invariance 1 = λ 1 and 2 = λ 2 . As the action is fixed point free, the same must work for = 1 + 2 , where 2 ∈ V 2 is arbitrary. In particular, is scalar λ on V 2 . Similarly on V 1 , hence on V , contrary to the assumption. This argument shows that V is an irreducible F H -module, whose Brauer character is H which is automatically σ -invariant, so assumption (A ) still holds. . As ∈ K the same conclusions cannot hold for it, so it must have cyclic Sylow subgroups. So 3 −1 | − 1 or < . Let = 2. As is odd, 2 | − 1 if = 1. Otherwise, by Lemma 2.9, 2 = 4 − 1.
If both these last two exceptional cases occur, that is if both the exponent of 3 and the exponent of 2 are one bigger in ( ) than in − 1, then there exists ∈ G of order 3 4. By the above discussion, Q ∼ = O 2 (H)char H G, where H is the subgroup generated by elements of order 3 . Also, elements of order 3 permute the elements of order 4 in O 2 (H) without fixed points. However, 3 is an element of order 4, still 4 acts trivially on it. The only possibility is that 3 
is a 2-subgroup of G, hence generalised quaternion of order at least 16. But that admits conjugation by 4 , a nontrivial automorphism of order 3, a contradiction. This shows that only one of the exceptional cases might occur.
Putting these together, for a prime > we have that ( ) divides at least one of − 1 2( − 1) and 3( − 1). And here the second possibility may occur only if ≡ 3 (mod 4) and the third only if (6 ) = 1.
Remark.
The irreducible (fixed point free) action of SL (2 3 Step 5] (see our Lemma 2.9), ( ) | 4. If however, the Sylow 2-subgroup is cyclic then by the same step we can assume the group has a cyclic 2-complement (see the proof of our Theorem 2.12) and the Sylow 2-subgroup is cyclic of order ( ). Now let = dim V , 2 = ( ). Pick τ ∈ F an element of order 4. For ∈ G of order 4 let V ( ) denote the τ-eigenspace of . As preserves the antisymmetric form, ( ) = ( ) = τ 2 ( ) for ∈ V ( ). This shows that V ( ) must be a totally isotropic subspace, similarly V ( By Theorem 2.12, if = 3 then the solvable group G is a {2 5}-group. Even solvability need not be assumed if we use Thompson's Theorem: If G is a noncommutative simple group whose order is prime to 3 then G is a Suzuki-group. Theorem 2.14.
If in G every element is conjugate to its cube then G is a {2 5}-group.
Proof. Let G 0 be a minimal counterexample. By the previous theorem G 0 must be noncommutative and its minimal normal subgroup N is a direct product of isomorphic noncommutative simple groups. ) that can be mapped only to its ±1 ±2 ±4 ±2 2 -th powers by an automorphism. This contradiction proves the theorem.
